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A phenomenological Lagrangian approach is employed to study the electromagnetic properties
of deuteron. The deuteron is regarded as a loosely bound state of a proton and a neutron. The
deuteron electromagnetic form factors are expressed in light-front representation in the transverse
plane. The transverse charge density of the deuteron is discussed.
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FIG. 1. Feynman diagram for electron-deuteron elastic scattering in the one-photon approximation.
I. INTRODUCTION
It is known that the study of electromagnetic(EM) form factors of proton, neutron and light nuclei, like deuteron
and He-3, is crucial for the understanding of nucleon structures. It tells the distributions of the charge and magneti-
zation inside systems. The EM form factors of the deuteron have been explicitly discussed (for some recent reviews,
see, e.g. [1]-[4]) for several decades. A deuteron, as a spin-1 particle, has three form factors of charge GC , magnetic
GM , and quadrupole GQ. It is often regarded as a loosely bound state of the proton and neutron (with binding
energy ǫD ∼ 2.22 MeV), and consequently the study of the deuteron properties can shed light on the structure of the
nucleon as well as nuclear effects. Moreover, it is found that the two constituents – proton and neutron inside the
deuteron are dominated by the relative S-wave, and the D-wave is only about 5%. The understanding of the deuteron
structures, like its EM form factors and its binding energy, is usually based on potential models, on phenomenological
models with quark, meson, and nucleon degrees of freedom, and on some effective field theories etc. [1–12]. The
realistic deuteron wave function has already been explicitly given by Ref. [13], particularly, the relativistic deuteron
wave function was discussed and obtained in Refs. [14–16].
Recently, the pion transverse charge density ρC(b) is of great interests. It stands for the two-dimensional Fourier
transform of the EM form factor and for the density (in the infinite momentum frame) located at a transverse separa-
tion b (impact parameter) from the center of transverse momentum [17–21]. It is pointed out that this two-dimensional
density can directly relate to the matrix element of a density operator. However, the usual three-dimensional Fourier
transforms of the form factors cannot, since the initial and final momentums are different and one cannot boost the
initial and final states to the rest frame simultaneously. There are also many discussions on the proton EM form
factors in the transverse plane.
Analogous to pion, in this paper, we will study the EM form factors of the deuteron in the transverse plane. A
phenomenological approach will be employed for the deuteron, where it is regarded as a loosely bound state of a
proton and a neutron and the two constituents are in relative S-wave. The coupling of the deuteron to its two
composite particles is determined by the known compositeness condition from Weinberg [22], Salam [23] and others
[24, 25]. Our approach has been successfully applied to study the properties of weakly bound state problems, like the
new resonances of X(3872), Λc(2940), and the EM form factors of pion as well as some other observables [26, 27].
This paper is organized as follows. In section II, the general properties of the deuteron (spin-1 particle) is briefly
reviewed, and moreover, our phenomenological approach is briefly explained. In section III, the EM form factors of the
deuteron in the light-front representation are given. Our numerical results for the EM form factors in the transverse
plane are shown in section IV. Finally, section V is devoted for a short summary.
3II. OUR FRAMEWORK
A. Deuteron electromagnetic form factors
A deuteron is a spin-1 particle, and its EM properties can be explored by a lepton-deuteron elastic scattering. The
matrix element for electron-deuteron (eD) elastic scattering in the one-photon approximation, as shown in Fig. 1,
can be written as
M = e
2
Q2
u¯e(k
′)γµue(k)JDµ (P, P ′), (1)
where k and k′ are the four–momenta of initial and final electrons. JDµ (P, P ′) is the deuteron EM current, and its
general form is
JDµ (P, P ′) = −
(
G1(Q
2)ǫ′∗ · ǫ− G3(Q
2)
2M2D
ǫ · qǫ′∗ · q
)
(P + P ′)µ −G2(Q2)
(
ǫµǫ
′∗ · q − ǫ′∗µ ǫ · q
)
, (2)
where MD is the deuteron mass, ǫ(ǫ
′) and P (P ′) are polarization and four–momentum of the initial (final) deuteron,
and Q2 = −q2 is momentum transfer square with q = P ′ − P . The three EM form factors G1,2,3 of the deuteron are
related to the charge GC , magnetic GM , and quadrupole GQ form factors by
GC = G1 +
2
3
τGQ , GM = G2 , GQ = G1 −G2 + (1 + τ)G3, (3)
with τ = Q
2
4M2
D
. The three form factors are normalized at zero recoil as
GC(0) = 1 , GQ(0) =M
2
DQD = 25.83 , GM (0) =
MD
MN
µD = 1.714 , (4)
where MN is the nucleon mass, QD and µD are the quadrupole and magnetic moments of the deuteron.
The unpolarized differential cross section for the eD elastic scattering can be expressed by the two structure
functions, A(Q2) and B(Q2), as
dσ
dΩ
= σM
[
A(Q2) +B(Q2) tan2
(
θ
2
)]
, (5)
where σM = α
2E′ cos2(θ/2)/[4E3 sin4(θ/2)] is the Mott cross section for point-like particle, E and E′ are the incident
and final electron energies, θ is the electron scattering angle, Q2 = −q2 = 4EE′ sin2(θ/2), and α = e2/4π = 1/137 is
the fine-structure constant. The two form factors A(Q2) and B(Q2) are related to the three EM form factors of the
deuteron as
A(Q2) = G2C(Q
2) +
8
9
τ2G2Q(Q
2) +
2
3
τG2M (Q
2), B(Q2) =
4
3
τ(1 + τ)G2M (Q
2). (6)
Clearly, the three form factors GC,M,Q cannot be simply determined by measuring the unpolarized elastic eD differ-
ential cross section. To uniquely determine the three form factors of the deuteron one additional polarization variable
is necessary. For example, one may take the polarization of T20 [4]
T20 = − 1√
2S
{
8
3
τGCGQ +
8
9
τ2G2Q +
1
3
τ
[
1 + 2(1 + τ) tan2(θ/2)
]
G2M
}
, (7)
into account, where S = A+B tan2(θ/2).
B. The phenomenological approach
Here we will briefly show the formalisms of the phenomenological approach. Take an assumption that the deuteron
is interpreted as a hadronic molecule – a weakly bound state of the proton and neutron: |D〉 = |pn〉 (see Fig. 2), then
4FIG. 2. Deuteron mass operator
one may simply write a phenomenological effective Lagrangian of the deuteron and its two constituents – proton and
neutron, as
LD(x) = gDD†µ(x)
∫
dyp¯c(x+ y/2)Φ˜D(y
2)Γµn(x− y/2) +H.c., (8)
where Dµ is the deuteron field, p¯
c(x) = pT (x)C, C denotes the matrix of charge conjugation, and x is the centre-of-
mass (C. M.) coordinate. In Eq. (8), Φ˜D(y
2)Γµ is the vertex where the correlation function Φ˜D(y
2) characterizes the
finite size of the deuteron as a pn bound state and depends on the relative Jacobi coordinate y.
A basic requirement for the choice of an explicit form of this correlation function is that its Fourier transform
vanishes sufficiently fast in the ultraviolet region of Euclidean space to render the Feynman diagrams ultraviolet
finite. Usually a Gaussian-type function is selected as the correlation for simplicity. One chooses
Φ˜D(k
2)Γµ = exp(−k2E/Λ2D)γµ, (9)
for the Fourier transform of the correlation function, where Γµ = γµ, kE is the Euclidean Jacobi momentum and ΛD
is a free size parameter which represents the distribution of the two constituents in the deuteron.
The coupling of gD in Eq. (8) can be determined by the known compositeness condition, which implies the
renormalization constant of the hadron wave function is set equal to zero as ZD = 1−Σ′D(M2D) = 0, with Σ′D(M2D) =
g2DΣ
′
D⊥(M
2
D) being the derivative of the transverse part of the mass operator (see Fig. 2). Usually, the mass operator
splits into the transverse part ΣD⊥(k
2) and longitudinal one ΣD‖(k
2) as
ΣαβD (k) = g
αβ
⊥ ΣD⊥(k
2) +
kαkβ
k2
ΣD‖(k
2), (10)
where gαβ⊥ = g
αβ − kαkβ/k2 and gαβ⊥ kα = 0. From Eqs. (9-10) we see that for a fixed parameter ΛD, the coupling of
the deuteron to its constituents – proton and neutron, gD, is well determined by the compositeness condition. The
explicit expression of gD (in the simplest case of Eq. (8)), in terms of the loop integral shown in Fig. 2, has been
given in Refs. [27, 28]. The correlation function of Eq. (9) simulates only the S-wave in the deuteron. It is commonly
believed that the relative S-wave is dominant in the deuteron.
5FIG. 3. Electron-deuteron scattering diagram contributing to the EM form factors.
III. THE LIGHT-FRONT REPRESENTATION
A. EM form factors in the light-front representation
To study the EM properties of the deuteron, we assume the deuteron as a bound state of the proton and neutron.
Therefore, the eD scattering can be interpreted as the photon coupling respectively to the proton and neutron, as
shown in Fig. 3. The general expression of the loop integral of Fig. 3 is
iMα = iǫ∗µMαµνǫν (11)
where
Mαµν= −ig2D
∫
d4k
(2π)4
Tr[γµ(/k + /q +MN)Γ
α(/k +MN )γ
ν(/k − /P +MN)]
(k2 −M2N)[(k + q)2 −M2N ][(k − P )2 −M2N ]
(12)
×Φ˜D
(
(k − P/2)2E
)
Φ˜D
(
(k − P/2 + q/2)2E
)
,
and
Γα = γα[F p1 (Q
2) + Fn1 (Q
2)] + i
σαβqβ
2MN
[F p2 (Q
2) + Fn2 (Q
2)], (13)
where F p,n1,2 are the Dirac and Pauli form factors of the proton and neutron, respectively. In Eq. (12), Φ˜D stands for
the correlation function.
With the help of the calculation of the scalar loop integral of I(P 2, q2, P · q) shown in appendix, one may easily
compute the matrix element Mαµν in Eq. (12) in the light-front representation. Furthermore, one may obtain the
model-dependent deuteron form factors according to the gener
6charge form factor of the deuteron for example, the obtained form factor is
GC(Q
2) = g2D
∑
N=p,n
∫
dxd2~k
(2π)3
2
[
M2D(1 + x) + xQ
2 + ~k · ~q]FN1 (Q2)−Q2FN2 (Q2)
x2(1 − x)
[
P+P− − ~k2+M2N
x
− (~k−~P )2+M2N1−x
][
P+P− − (~k+~q)2+M2N
x
− (~k−~P )2+M2N1−x
] (14)
× exp
[
− 1
Λ2D
(x− 1
2
)
[P+P−
2
− (
~k − ~P2 )2
x− 12
− (
~k − ~P )2 +M2N
1− x
]]
× exp
[
− 1
Λ2D
(x− 1
2
)
[P+P−
2
− (
~k − ~P2 + ~q2 )2
x− 12
− (
~k − ~P )2 +M2N
1− x
]]
,
where P± = P 0 ± P 3, and x = k+/P+. In addition, we define the transverse momentum
~κ = (1 − x)~k − x(~P − ~k) = ~k − x~P , (15)
then the charge form factor can be re-written as
GC(Q
2) = g2D
∑
N=p,n
∫
dxd2~κ
(2π)3
[
2M2D(1 + x) + ~κ · ~q
]
FN1 (Q
2)−Q2FN2 (Q2)
x2(1 − x)
[
M2D − ~κ
2+M2
N
(1−x)x
][
M2D − [~κ+(1−x)~q]
2+M2
N
(1−x)x
] (16)
× exp
[
1
Λ2D
(x− 1
2
)
(M2D
2
− M
2
N
1− x −
~κ2
2(x− 12 )(1 − x)
)]
× exp
[
1
Λ2D
(x− 1
2
)
(M2D
2
− M
2
N
1− x −
[~κ+ (1 − x)~q]2
2(x− 12 )(1 − x)
)]
.
Let us define a wave function ψ as
ψ(x,~κ) =
1
M2D − ~κ
2+M2
N
(1−x)x
exp
[
1
Λ2D
(x− 1
2
)
(M2D
2
− M
2
N
1− x −
~κ2
2(x− 12 )(1 − x)
)]
, (17)
and finally the charge form factor is
GC(Q
2) = g2D
∑
N=p,n
∫
dxd2~κ
(2π)3x2(1− x)
{[
2M2D(1 + x) + ~κ · ~q
]
FN1 (Q
2)−Q2FN2 (Q2)
}
ψ(x,~κ) (18)
×ψ∗(x,~κ+ (1 − x)~q).
In the same way, the magnetic form factor is
GM (Q
2) = g2D
∑
N=p,n
∫
dxd2~κ
(2π)3x2(1− x)
{[
2M2D(1 + 3x)− 6
~κ2 +M2N
1− x + 8M
2
N
]
FN1 (Q
2) (19)
−[2M2D(1 + 2x)− 4
~κ2 +M2N
1− x + 4M
2
N
]
FN2 (Q
2)
}
ψ(x,~κ)ψ∗(x,~κ+ (1− x)~q).
B. Electromagnetic form factors and transverse densities
So far the form factor GC(Q
2) is expressed by a three-dimensional integration that involves wave functions in
momentum-space (see Eqs. (17-19)). The two-dimensional Fourier transform of the wave function of Eq. (17) can be
expressed as
ψ(x,B) =
1√
(1− x)x2
∫
d2~κ
(2π)2
ψ(x,~κ)ei~κ·B (20)
=
√
1− x
2π
∫ ∞
0
dt
cos |B|t√
t2 + c2
(
1− Φ[√ t2 + c2
2Λ2D(1− x)
])
exp
[ 1
Λ2D
(M2N −
M2D
4
)
]
,
7where Φ(x) is error function and c2 =M2N −M2D(1− x)x. Thus, the charge form factor of Eq. (18) is expressed as
GC(Q
2) = g2D
∑
N=p,n
∫ 1
0
dx
∫
d2B
(2π)3
{
2
[
M2D(1+x)− (1−x)Q2
]
FN1 (Q
2)−Q2FN2 (Q2)
}
| ψ(x,B) |2 e−i~q·(1−x)B. (21)
In order to further simplify the expression of GC(Q
2), the relative transverse position variable B is expressed by the
value of b1 = b, which is the transverse position variable of the charged parton of the deuteron. We have
B = b1 − b2 = b
1− x, b1(x) + b2(1 − x) = 0. (22)
With the help of Eqs. (21-22), we find
GC(Q
2) =
∫ 1
0
g2Ddx
1− x
∫
d2b
(2π)3
∑
N=p,n
{
2
[
M2D(1 + x)− (1− x)Q2
]
FN1 (Q
2)−Q2FN2 (Q2)
}
| ψ(x, b
1− x) |
2 e−i~q.·b.(23)
The Fourier transform of the charge form factor is
GC(Q
2) =
1
(2π)2
∫
d2bρC(b)e
−i~q·b, (24)
where the quantity ρC(b) stands for the transverse charge density of the deuteron and b is the impact parameter in
the transverse plane. Similarly, one may also determine the transverse magnetic density in the transverse plane as
GM (Q
2) =
1
(2π)2
∫
d2bρM (b)e
−i~q·b, (25)
where quantity ρM (b) is expressed in terms of the impact parameter b.
IV. NUMERICAL RESULTS
After integrating over x and b, we may estimate the obtained GC(Q
2) and GM (Q
2). In our numerical calculations,
the only one model-dependent parameter is ΛD and we select ΛD ∼ 0.23GeV [34]. In Figs. 4 and 5 our numerical
results for the charge and magnetic form factors of the deuteron are shown. In order to compare our results with the
experimental measurement, the phenomenological parameterizations [29] of the measured two form factors are shown
by solid lines in the two figures.
Figs. 4 and 5 show that the present approach could, at least qualitatively, reproduce the EM form factors of the
deuteron in the low Q2 region, although there are discrepancies between our results and the parameterized form
factors. The discrepancies become larger when the Q2 increases. This phenomenon is not surprising. This is due to
the fact that our present approach is rather simple and we have only one parameter ΛD. Moreover, we have employed
the Gauss-like correlation function of Eq. (9) to simplify the deuteron wave function for the calculation. However
the Guass-like wave function usually drops faster than the realistic case [29]. It should be mentioned that in order to
get the best fits for the deuteron EM form factors, 4 free parameters are employed for each of the three form factors
in the parameterization scheme of Ref. [29], just as it claimed that the dipole electric and magnetic form factors of
the proton and neutron as well as the meson cloud effect (of ρ and ω mesons) are considered simultaneously in [29].
There are several sets of the parameterization in Ref. [29]. They can reproduce the data in the lowQ2 region quite well.
The important quantities of the present calculation are the transverse charge and magnetic densities ρC,M (b) of the
deuteron. They are written in terms of the impact parameter b in the transverse plane and they stand for the charge
and magnetic densities of the deuteron in the transverse plane. In Figs. 6 and 7, we plot the estimated ρC,M (b)
comparing to the results from the parameterized form factors, where the red solid curves and the black dashed curves
are obtained from the two-dimensional Fourier transform of the parameterized charge and magnetic form factors [29]
as
ρC,M (b) =
∫
d2q
(2π)2
GC,M (~q
2)ei~q·
~b
=
∫ ∞
0
qdq
2π
GC,M (~q
2)J0(qb), (26)
80 0.2 0.4 0.6 0.8 1
10−5
10−4
10−3
10−2
10−1
100
Q2[GeV2]
|G
C(Q
2 )|
FIG. 4. Form factor |GC(Q
2)|. The solid line is from the parameterizations of Ref. [29] and the dash-dotted line is our result
in the light-front representation.
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FIG. 5. Form factor |GM (Q
2)|. The solid line is from the parameterizations of Ref. [29] and the dash-dotted line is our result
in the light-front representation
with J0(qb) being a cylindrical Bessel function and Q
2 = −q2 = ~q 2. In Fig. 8 we plot the transverse charge density
ρC(b) for the proton and neutron for an example.
From Fig. 6, one can see that our result fits the one of the parametrization only qualitatively, and one can also find
that different parametrizations have different results at b = 0 (see red solid and black dashed curves). The red solid
line (black dashed line) gets the maximum value 0.720 (0.426) at b = 0, and our black solid line gets the maximum
value 0.324. The remarkable differences are because the parametrizations are from the fit to the experimental data in
the low Q2 region, which corresponds to large b region. Therefore, for the small b region, the uncertainty is expected
to be large since our knowledge for the form factors in the large Q2 region is limited.
We can determine the deuteron mean-square transverse charge radius. It is defined as
〈b2C〉 =
∫
d2bb2ρC(b), (27)
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FIG. 6. The transverse charge density of deuteron. The red solid line and the black dashed line are the results of the
parameterizations, the black solid line is our result in the light-front representation.
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FIG. 7. The transverse magnetic density of deuteron. The red solid line and the black dashed line are the results of the
parameterizations, the black solid line is our result in the light-front representation.
and it can also be yielded from
lim
Q2→0
GC(Q
2) = 1− Q
2
4
〈b2C〉. (28)
It stands for the size of the deuteron in the transverse plane. This quantity differs from the well-known effective
mean-square charge radius R∗2 in the three-dimension space of
lim
Q2→0
GC(Q
2) = 1− Q
2
6
R∗2C . (29)
10
0 0.5 1 1.5 2
−0.5
0
0.5
1
1.5
2
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ρ C
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−
2 ]
FIG. 8. The transverse charge density of proton and neutron. The solid line is the transverse charge density of proton and the
dotted-dashed line is the transverse charge density of neutron.
The relation of the two quantities is 〈b2C〉 = 23R∗2C [30]. In our calculation, we obtained R∗C ∼ 2.75fm, which
is consistent with the value of R∗C ∼ 2.56fm from the parameterizations [29] and the experimental extraction of
R∗C = 2.128± 0.11fm [31]. The magnetic radius we obtained is about R∗M ∼ 2.16 fm which also reasonably fits the
result from the parameterizations of R∗M ∼ 1.93 fm and the experimental data of R∗M = 1.90± 0.14 fm [31].
The obtained ρC,M (b), in Figs. 6 and 7, tell that they have similar b-dependences to the parameterized ones.
Although the discrepancies exist in the small b region which corresponding to large Q2 regime, they both show the
peaks in the central b and a long tail in the region of large b. Conventionally, if we consider the three quark core |3q〉
in the proton or neutron, the core is always located in the central b and the size of the core is expected to be smaller
than 0.5 fm. When the meson cloud, pion meson cloud for example, is considered, the proton has the components
of |(3q)0π+〉 and |(3q)+π0〉 and the neutron has the components of |(3q)+π−〉 and |(3q)0π0〉. Therefore, the long
positive tail of the proton transverse charge density comes from the charge pion cloud and on the contrary, the long
negative tail of the neutron transverse density results from the negative pion cloud (see Fig. 8). Here for the deuteron
case (see Fig. 6), the long positive tail is expected from the positive charged pion cloud [30]. The contribution from
the neutron negative pion cloud is less important and it is canceled by the contribution of the proton. Moreover,
the positive peak of the transverse charge density at central b is smaller than the proton, since the contribution of
the positive proton peak is partly canceled by the negative peak of the neutron and moreover the loop integral also
suppresses the peak. So far, the origin of the negative peak of the neutron transverse charge density is still an open
question [30].
V. SUMMARY
To summarize this work, we use a phenomenological effective Lagrangian approach to study the EM form factors
of the deuteron, particularly, the transverse charge and magnetic densities of the deuteron. We show the EM form
factors of the deuteron and their transverse densities in the light-front representation. We find that the present
approach could reproduce the EM form factors, at least qualitatively, although it is simple with only one parameter.
The important issue, in this work, is the study of the transverse densities, particularly of the transverse charge density
of the deuteron. We find the transverse charge density reaches its maximum at the central b and it has a long positive
tail. It means that the charge quark core is located at the central b and in the large b region, the positive charge
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pion cloud dominates. This phenomenon is similar to the proton case. Moreover our analysis shows the remarkable
differences between the two different parametrizations in the central b region. This is due to the fact that we know
much about the charge form factor of the deuteron in the low Q2 region, but less in the large Q2 region and the latter
one corresponds to the small b region.
It should be reiterated that our present approach is simple and it can be further improved. Here our estimated
charge and magnetic form factors fit the data qualitatively. We did not show the estimated quadrupole form factor
of the deuteron. This is because the quadrupole form factor is sensitive to the D-wave component of the deuteron,
which we did not include explicitly. A more sophisticated calculation with a more realistic description of the deuteron
wave function including D-wave component is in progress.
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Appendix A: The scalar loop integral
There are some discussions about the scalar loop integral as [32, 33]
I(P 2, q2, P · q) =
∫
d4k
(2π)4
1(
k2 −M2N + iǫ
)[
(k + q)2 −M2N + iǫ
][
(P − k)2 −M2N + iǫ
] . (A1)
In the light-front representation , a± = a0 ± a3, and ∫ d4k = ∫ 12dk+dk−d2~k, then the integral of I(P 2, q2, P · q) is
I(P 2, q2, P · q) =
∫
dk+dk−d2~k
2(2π)4
1
k+2(P+ − k+) (A2)
× 1
[k− − ~k2+M2N
k+
+ iǫ
k+
]
[
k− − (~k+~q)2+M2N
k+
+ iǫ
k+
][
P− − k− − (~P−~k)2+M2N
P+−k+ +
iǫ
P+−k+
] .
One may integrate over the upper half plane of the complex k−, as show in Fig. 9, and one can find a non-vanishing
contribution only for the case of 0 < k+ < P+. Then
I(P 2, q2, P · q) = −i
∫
d2~k
2(2π)3
∫
dk+
k+2(P+ − k+)
1
P− − ~k2+M2N
k+
− (~P−~k)2+M2N
P+−k+
1
P− − (~k+~q)2+M2N
k+
− (~P−~k)2+M2N
P+−k+
,(A3)
whereas, k+ < 0 and k+ > P+ doesn’t contribute to the integral.
Define x = k
+
P+
, and choosing the reference frame of q+ = q− = 0 [32, 33], then the above equation can be expressed
as
I(P 2, q2, P · q) = −i
∫
d2~k
2(2π)3
∫ 1
0
dx
x(1− x)
1
P+P− − ~k2+M2N
x
− (~P−~k)2+M2N1−x
1
P+P− − (~k+~q)2+M2N
x
− (~P−~k)2+M2N1−x
(A4)
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